FORECASTING VOLATILITY
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The forecasting ability of the most popular volatility forecasting models is
examined and an alternative model developed. Existing models are com-
pared in terms of four attributes: (1) the relative weighting of recent versus
older observations, (2) the estimation criterion, (3) the trade-off in terms
of out-of-sample forecasting error between simple and complex models,
and (4) the emphasis placed on large shocks. As in previous studies, we
find that financial markets have longer memories than reflected in
GARCH(1,1) model estimates, but find this has little impact on out-of-
sample forecasting ability. While more complex models which allow a
more flexible weighting pattern than the exponential model forecast better
on an in-sample basis, due to the additional estimation error introduced by
additional parameters, they forecast poorly out-of-sample. With the excep-
tion of GARCH models, we find that models based on absolute return
deviations generally forecast volatility better than otherwise equivalent
models based on squared return deviations. Among the most popular time
series models, we find that GARCH(1,1) generally yields better forecasts
than the historical standard deviation and exponentially weighted moving
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average models, though between GARCH and EGARCH there is no
clear favorite. However, in terms of forecast accuracy, all are dominated by
a new, simple, nonlinear least squares model, based on historical

absolute return deviations, that we develop and test here. © 2005 Wiley
Periodicals, Inc. Jrl Fut Mark 25:465-490, 2005

INTRODUCTION

Accurate volatility forecasts are important to traders, investors, and risk
managers, as well as researchers seeking to understand market dynam-
ics. Not only are estimates of future volatility necessary in order to derive
option prices, they are also needed to derive deltas and therefore hedge
ratios for derivatives portfolios and are critical inputs for value-at-risk
models. The two main sources of volatility forecasts are time-series mod-
els and implied volatilities calculated from observed option prices.
Although theoretically implied volatilities should reflect all available
information, including time-series information, evidence is mixed on
whether this is the case. Moreover implied volatilities cannot simultane-
ously be used to price the derivatives from whose prices they are calcu-
lated and are only available for specific time horizons for a limited set of
assets. Consequently, time-series models remain the major source of
volatility forecasts.

This paper examines the forecasting ability of popular time-series
volatility forecasting models and develops a superior alternative. The
econometrics literature is replete with studies comparing the forecasting
ability of various time-series models.' For instance, Poon and Granger
(2003) list 39 studies comparing the out-of-sample forecasting abilities
of the GARCH(1,1) model and the historical variance. However, our
approach differs from most in that we focus on why some models fore-
cast better than others, exploring four issues: (1) the relative weighting of
recent versus older observations, (2) the importance of the estimation
criteria, (3) the trade-off in terms of forecasting error between simple,
but possibly incomplete, forecasting models and more complex models
which may be more realistic but add estimation error, and (4) the empha-
sis placed on large shocks. While the first issue, the proper weighting of
recent versus older observations, has received considerable attention in
the literature, the other three have received much less scrutiny.

We choose models, data series, and forecast horizons that are in com-
mon usage. For instance, while many extant studies compare the ability of

"For an excellent review of existing studies in this area see Poon and Granger (2003). Notable exam-
ples include Akgiray (1989), Pagan and Schwert (1990), Tse (1991), Jorion (1995), West and Cho
(1995), Brailsford and Faff (1996), Figlewski (1997), Brooks (1998), Loudon et al. (2000), Lopez
(2001), Hansen and Lunde (2001), and Anderson et al. (2003).
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various models to forecast volatility in only the next period, e.g., the next
day, if the model was estimated using daily data, most uses of volatility
forecasts, such as for option pricing and value-at-risk models, are for
much longer horizons. Accordingly, we compare the ability of the models
to forecast volatility over multi-day horizons. In our presentation, we
focus on results for 40 trading days but have also compared the models for
horizons 10, 20, 80, and 120 trading days with similar results. We restrict
our focus to commonly used volatility forecasting models, such as the his-
torical standard deviation, the GARCH(1,1) model, the exponentially
weighted moving average model used by Riskmetrics, and to alternatives
which can be easily implemented using standard statistics software. We
base our forecasts on daily data since those are the data sets available to
most forecasters.? To ensure generality, we compare forecasting ability
across a variety of markets: the S&P 500 index, the Japanese yen/dollar
exchange rate, the three-month eurodollar rate, the 10-year treasury bond
rate, and five equities—Boeing, GM, International Paper, McDonald’s,
and Merck.

One issue explored in the paper is the proper weighting of recent
versus older observations. Like others,® we find that GARCH(1,1) puts
too much weight on recent observations relative to older observations.
However, despite the attention this issue has received, we found that
out-of-sample forecast accuracy is fairly insensitive to the weighting
scheme.

A second issue is which estimation criterion yields the best forecast.
For instance, we constructed a nonlinear least squares regression model
that is structurally identical to a GARCH(1,1) model, but is estimated
using a two-stage least squares procedure rather than maximum likeli-
hood. We found that the parameters estimated using least squares
implied considerably longer memories than the GARCH model and gen-
erate better forecasts in-sample. Out-of-sample results are less clear-cut
but the regression model forecasts better in six of the nine markets we
examine.

Third, we explored the trade-off between model complexity and fore-
cast error. Models, such as GARCH(1,1), impose a functional form in
which the weights attached to squared return observations decline expo-
nentially as the lag increases. We found that a more general model in

’In a series of papers, Andersen and Bollerslev and others (e.g., Anderson and Bollerslev, 1998;
Anderson et al., 1999; and Andersen et al., 2003) have shown that (at least for fairly short forecast
horizons such as a day or week or two) models based on high frequency intraday data forecast better
than those based on daily data but these high frequency models have not yet gained acceptance in
practice.

3Examples include Ding and Granger (1996), Anderson et al. (2003), and Zumbach (2003). See also
the review by Poon and Granger (2003).
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which the depreciation rate slows as one moves back in time improves in-
sample forecast accuracy. However, because the more flexible model
involves additional parameters, estimation error is increased and its out-
of-sample forecasts are less accurate.

A fourth issue is whether the popular models attach too much
weight to large shocks that may or may not reoccur. Since both the his-
torical standard deviation and the GARCH(1,1) forecasts are functions
of the squared surprise returns, a single large return deviation in the past
has a large impact on the volatility forecast. Except within the GARCH
family, we find that models based on absolute return innovations gener-
ally forecast better than otherwise equivalent models based on squared
deviations.

Based on these findings, we propose a simple nonlinear least squares
model based on past absolute return innovations. In all nine markets at
all five forecast horizons that we considered, this regression model fore-
casts better both in- and out-of-sample than all extant models that we
considered (including GARCH, EGARCH, and the historical standard
deviation). It has the added advantage of requiring only standard regres-
sion software.

The remainder of the paper is organized as follows. In the next sec-
tion, we explore what we term linear squared deviation (or LSD) models
focusing on the three most widely used volatility forecasting models: the
historical standard deviation, the exponentially weighted moving average
model, and the GARCH(1,1) model. We also develop a nonlinear least
squares models that is structurally identical to the GARCH(1,1) model,
but estimated differently. Our data sets and estimation procedures are
described in the next section. After that, we explore the question of the
optimal weighting of more recent as opposed to older observations and
the appropriateness of the exponential weights structure common to
many popular models. Out-of-sample forecasting ability is compared
next. We then turn to our fourth issue and compare models based on
absolute return deviations to those based on squared deviations. There
we develop our model that proves to out-forecast the extant models in all
nine markets. Robustness issues are considered before the conclusions.

LINEAR SQUARED DEVIATION MODELS
OF FINANCIAL MARKET VOLATILITY

While countless time-series volatility forecasting models have been pro-
posed by econometricians, in terms of usage by market professionals
and textbook attention, three dominate: (1) the sample variance or
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standard deviation of returns calculated over some recent period, (2) an
exponentially weighted moving average of the squared surprise returns
and (3) Bollerslev's GARCH(1,1) model. All three belong to what might
be called the linear squared deviation (LSD) class of estimators in that
the forecast variance is a linear combination of the squared deviations
of recent returns from their expected value. In the case of the historical
variance, each squared deviation (or observation) back to a chosen cut-
off date is weighted equally while observations prior to the chosen cut-
off receive a zero weight. In the exponentially weighted moving average
and GARCH (1,1) models, the weights decline exponentially. In other
words, the weight attached to observation t — (j + 1) is a fixed propor-
tion, B, of the weight attached to observation ¢t — j. We consider the
three in turn.

The Historical Variance

Letting R, = In(P,/P,_,) represent daily returns on a financial asset,* the
simplest forecast of the volatility of R, over the future period from time
t + 1 through t + s is the sample standard deviation or variance of
returns from the recent past. Derivatives textbooks commonly recom-
mend this procedure. We calculate the historical variance, VAR(n), over
the n-day historical period:

ln—l
VAR(n), = > 12 (1)
j=0

where r,_; = R,

assigns each squared return deviation, r;_, after time t — n a weight of

_j — m and pu is the expected return.’ This estimator

1 /n while observations before t — n receive a weight of zero. An obvious
issue in applying this procedure is choosing the cutoff date n. While
setting the length of the period used to calculate historical volatility,
n, equal to the length of the forecast period, s, is a common convention,
Figlewski (1997) finds that forecast errors are generally lower if the his-
torical variance is calculated over a much longer period. Accordingly, we
consider a variety of sample period lengths.

*In the case of dividend paying stocks, P, includes any dividends.

>Often p is replaced by the sample mean and accordingly the +* are divided by n — 1, rather than n
in Equation (1). The latter procedure implicitly assumes that the expected return over the coming
period equals the mean return in the n-day period used to estimate VAR(2). Given the low autocor-
relation in returns there is little justification for this assumption and Figlewski (1997) shows that
better forecasts are obtained by setting uw = 0. In our calculations, we set u equal to the average
daily return over the entire data period.
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Exponentially Weighted Moving Average

The exponentially weighted moving average (EWMA) forecasts volatility
for the next day as

14 .
Vi1 = FEBJTE,]. (2)
j=0

where I' = 2§:03j~ An obvious issue is the value for exponentially
declining weight B. By far the most well known user of the EWMA is
Riskmetrics, which utilizes it for its value-at-risk modeling. Since
Riskmetrics sets B = .94 (see Riskmetrics, 1996), we use this parameter
for our estimations. It is easily shown by successive substitution in
Equation (2) that the implied forecast for a future time period t + k is iden-
tical to that for period t + 1,i.e.,v,,;, = v, , so the EWMA forecast of aver-
age volatility over an interval from t to t + s, which we label EWMA; is
J
EWMA, = = 3 Birl, 3)

i=0

The GARCH(1,1) Model

The GARCH(1,1) model is similar to the EWMA model, but adds a
mean reversion term. The GARCH(1,1) model assumes that the log-
return at time ¢, R,, is normally distributed with mean u and variance v,
and that v, follows the process:

Vo = oyt 0‘17’:2 + B, (4)

. — 2 — 2 2
Since v, = ay + ayri_, + Bv,_, v, = (ay + Bay) + ayri + Bayri_, +
B*v,_,, successive substitution back to time t — j yields the alternative

expression of the GARCH(1,1) model:

J
Vi = ag Ty 2 Bjrtzfj (5)
i=0
where o) = «, Ejzoﬁj + B]“vt,]. As Equation (5) makes clear, in the
GARCH(1,1) forecast of the variance at time t + 1, the squared return
deviation at time t receives the weight, o, the squared deviation at time
t — 1 receives a weight of a8, and (assuming B8 < 1) the weights decline
exponentially. Since E,(r?.,) = v,,,, successive forward substitution
yields the expression for the expected volatility at a future time t + k
based on the information available at time ¢:
k=2

Vit = 0‘02 (o) + B)] + (o) + B)kilvwl (6)
j=0
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If (¢, + B) < 1, the k-step ahead volatility forecast declines from v, ,
toward the unconditional variance at the rate («;, + B) as k increases,
while the weight attached to past observations declines at the rate 8. The
forecast volatility over the future period from ¢ + 1 through ¢ + s, which
we label GARCH,, is an average of the volatility expected each day from
ttot + s, hence:

s J
GARCH, = (1/3); V= a A B (7)
=1 i=0
where a = (1/5) 2 [ag ;=5 (o, + B)7 + arp(ey + B)*'] and A =
(a,/s) Zi=1 (@, + B)* ' Note that, in the GARCH volatility forecast for
the interval from t + 1 to t + s, the weights attached to successive past
observations decline exponentially.

Previous Comparisons

While numerous studies have compared the forecasting abilities of the
historical variance and GARCH models, no clear winner has emerged. In
a thorough review of 39 such studies, Poon and Granger (2003) report
that 22 find that historical volatility forecasts future volatility better out-
of-sample while 17 find that GARCH models forecast better.

The Restricted Least Squares Estimator
and the Estimation Criterion

Several past studies, such as Pagan and Schwert (1990), West and Cho
(1995), and Lopez (2001), have considered the forecasting ability of lin-
ear regression models of the form: v, | = a, + E]-]:Oajrf_j. These models
have several problems: (1) the estimated coefficients, «; usually don’t
decline in an orderly fashion as j increases,® (2) they only incorporate a
few recent observations (commonly 8 to 15), and (3) (and relatedly) they
don't forecast out-of-sample very well. We specify a nonlinear OLS
model which avoids these problems.

While the GARCH(1,1) estimates of the parameters «, A, and B in
Equation (7) are obtained by first estimating the parameters «,, «,, and
B in Equation (4) using maximum likelihood, it is also possible to esti-
mate the parameters in Equation (7) using nonlinear least squares.
Letting AV(s), represent the actual realized variance over the period from

°For instance, when Lopez (2001) estimates an AR(10), in every market the largest coefficient is at
a lag of six days or longer.
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t + 1 through t + s.i.e., AV(s), = (1/s)2i_, r%,, @, A, and B can be esti-
mated by applying least squares to the equation pair:

J
AV(s), = a + AZ, whereZ, = > Br (8)
=0

We label the resulting estimates of Equation (8) the “restricted least
squares” (or RLS) model. It is “restricted” in that the coefficients of rtz_j
are forced to decline exponentially as j increases and are nonlinear due
to the B7 term. Once the parameters a, 3, and A have been estimated, the
RLS forecast of volatility from t + 1 to t + s is generated as:

A ] A
RLS, =& + A, Bir:; (9)
j=0

Note that Equations (7) and (9) are structurally identical; that is the
GARCH and RLS forecasts only differ in that they employ different esti-
mates for «, B, and A. While GARCH chooses the parameter estimates
which maximize the likelihood of observing r,, RLS chooses parameters
which minimize the sum of squared errors of AV(s),. Consequently, the
question arises whether the estimated parameters differ substantially
and, if so, which forecast better.

DATA AND PROCEDURES

We compare the forecasting ability of these four models for four finan-
cial series: the S&P 500 Index, the yen/dollar exchange rate, the three-
month eurodollar rate, the 10-year treasury bond rate, and five equities
chosen from those in the Dow-Jones Index: Boeing, GM, International
Paper, McDonald’s, and Merck. Daily price data for the five equities for
the period 7/2/62 (7/5/66 for McDonald’s) to 12/31/02 were obtained
from CRSP tapes as were prices for the S&P 500 index (7/2/62-12/31/02).
Daily interest rate and exchange rate data were obtained from Federal
Reserve Board files for the periods: 1/2/62—12/31/03 for the 10-year
bond rate, 1/4/71-12/31/03 for the eurodollar rate, and 1/4/71-12/31/03
for the yen/dollar exchange rate. Daily log returns are defined as
R, = In(P,/P,_,) and daily return deviations or innovations are defined as
r, = R, — u where p is measured as the mean of R, over the entire data
period.

Our primary measure of forecasting ability is the root mean squared
forecast error (RMSFE) measured in terms of the difference between
actual and forecast annualized standard deviation of returns. For each
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forecast period beginning on day ¢t + 1 and extending through day t + s,
we calculate the actgal annualized standard deviation of returns
as AS(s), = [252 E;:l%]l/z. The root mean squared forecast error is
then measured as

M 1/2
RMSFE = | (1/M) > (AS(s),, — FSTD(s),,)? (10)
m=1
where FSTD(s)

an s day horizon beginning on day m using one of the four forecasting

.. is the forecast standard deviation (also annualized) for
procedures outlined in the last section. M represents the number of fore-
cast periods as reported in the tables below.” One issue addressed by
Poon and Granger (2003) is whether volatility forecast errors are best
measured in terms of the standard deviation or variance. As they point
out, when the RMSFE is measured in terms of the variance, a few out-
liers tend to dominate the results. In addition, derivative prices are
roughly proportional to the standard deviation. Consequently we define
RMSFE in terms of the standard deviation.®

ESTIMATION AND WEIGHTING ISSUES

In-sample Comparisons of Popular Models

To explore why the models forecast differently, it is helpful to first
consider in-sample results before turning to the more important out-of-
sample forecasts. In-sample RMSFEs for the historical standard devia-
tion, EWMA, GARCH(1,1), and RLS models are reported in the first
eight rows in Table I for a forecast horizon of 40 trading days.” For com-
parison, the annualized standard deviation of the ex-post standard devia-
tion, AS(s), which represents the RMSFE for a naive forecast equal to
mean volatility over the entire data period, is shown in the penultimate
row of Table I. Historical standard deviations over past periods of 10,
20, 40, 80, and 120 days, are reported in the first rows as STD(10),
STD(20), ..., STD(120) respectively. For each data series, the STD(1n)
with the lowest RMSFE is shown in bold. Note that in most markets, the

and FSTD(s)
beginning on day m, move up one day to day m + 1 and recalculate.
SRMSFE weights over- and under-forecasts of volatility equally. Holders of long derivative positions
would hurt by surprise decreases in volatility and holders of short positions by surprise increases
so each would likely have asymmetric loss functions. Due to (1) the general usage of RMSFE in the
literature, (2) the difficulty of specifying loss functions, and (3) because underlying positions can
either be short or long volatility, we use the symmetric measure.

Results for forecast horizons of 10, 20, 80, and 120 days are quite similar.

"These periods overlap. In other words, we calculate AS(s),, . for the s-day period
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RMSFE for a forecast horizon of 40 days is minimized using the stan-
dard deviation over the last 120 days.

Comparing RMSFEs for (1) the GARCH(1,1) model, (2) the lowest
of the five RMSFEs for the historical standard deviations, and (3) EWMA
we find that the GARCH forecast has the smallest in-sample RMSFE
in seven of our nine markets, the exception being the three-month
eurodollar rate and the yen/dollar exchange rate where STD(120)
forecasts better.

Results for the RLS model are reported in row 8. To facilitate com-
parison, the cell in each column (market) with the lowest RMSFE
among all the models in Table I is shaded. As this shading makes clear, in
all nine markets, the RLS model has the lowest in-sample RMSFE.

The Estimation Question

Since the RLS model is structurally identical to the GARCH(1,1) model,
the question arises as to why it should consistently out-forecast the
GARCH model on an in-sample basis. The answer is that the different
estimation methods yield quite different parameter estimates. Specifically,
the GARCH model chooses parameters which maximize the likelihood of
observing the observed sample of returns while the RLS chooses param-
eters which minimize the variance of the forecast error.'”

How and how much the parameters estimates differ is shown in
Table 11 where we report the two models’ estimates of the parameters S,
a, and A parameters of Equations (7) and (8). For GARCH, we first
report the standard GARCH(1,1) parameter estimates, «,, «,, and B
of Equation (4) and then the implied parameters «, A, (and B) of
Equation (7). The differences between the GARCH and RLS estimates
of a, A, and B are substantial and strikingly consistent. In all nine

""We follow an iterative estimation procedure to estimate the parameters in Equation (9).
Specifically, for values of B from .500 to 1.000 in increments of .005, we form the variables Z(B), as
defined in Equation (8), then regress the realized or ex post variance over the period from t through
t + 40, AV(40),, on Z(B), using OLS. This regression is repeated for each value of B from .500 to
1.000. The regression with the lowest error sum of squares yields our estimates of 3, a, and A. Using
these parameter estimates, the observed values of rf,j from j = 200 through j = 0, and Equation (9),
we obtain forecast values of the standard deviations over the interval from ¢ to t + 40. In obtaining
the RLS forecasts, we set ] = 200 in Equations (8) and (9), that is we use the 200 most recent
squared return deviations to forecast the future standard deviation. This saves considerable com-
puting time for all our models in all our markets, and observations before t — 200 have an inconse-
quential effect on the forecast. For instance for 8 = .97, the implied coefficient of r2_,, is only
0.23% of the coefficient of r2. Note that RLS minimizes the variance of the volatility forecast error
where this error is defined in terms of the variance. This is not quite the same as minimizing the in-
sample RMSFE since the latter was defined in terms of the standard deviation but comes quite
close.
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TABLE 1l

Comparison of Parameters for the GARCH(1,1) and Restricted Least Squares Models

GARCH(1,1) Restricted Least Squares

Market a, a, B e A B e A

S&P 500 5.305e-7 0.0780 0.9185 1.600e-5 0.07291 0.975 5.587e-5 0.00983
10-year T-bond  8.072e-8  0.0511 0.9478 3.066e-6 0.05002 0.975 1.528e-5 0.02026
Eurodollar 1.172e-6  0.0627 0.9360 4.027e-5 0.06114 0.995 3.837e-5 0.00662
Yen/Dollar 1.209e-6 0.1393 0.8448 2.527e-5 0.10366 0.980 1.960e-5 0.01058
Boeing 3.487e-6  0.0344 0.9582 1.346e-4 0.02987 0.980 1.648e-4 0.01304
GM 2.706e-6  0.0594 0.9315 8.052e-5 0.04998 0.990 8.083e-5 0.00845
Int’l Paper 3.836e-6 0.0477 0.9409 1.175e-4 0.03848 0.985 1.332e-4 0.00922
McDonald’s 2.500e-6  0.0461 0.9483 8.890e-5 0.04141 0.965 1.201e-4 0.02359
Merck 3.164e-6  0.0405 0.9465 9.888e-5 0.03174 0.955 1.102e-4  0.02463

Notes. We report parameter estimates for the forecasting model FV, = a + A Sp/r2; where FV, is the forecast of the vari-
ance over the period from day t + 1 through t + 40and j=10, 1, ..., 200 using both the restricted least squares (RLS) and
GARCH procedures. The RLS parameters are obtained by regressing the ex post variance over 40-day periods on the
lagged r?s using non-linear least squares (where the possible 8 are in increments of .005). The GARCH parameters are
obtained by first estimating the GARCH(1,1) model v, = a, + a,r2 + Bv, (Whose parameter estimates are also reported)
where v, is the conditional variance on day t and then solving for the implied parameters « and A in the 40-day forecasting
model as outlined in Equations (5), (6), and (7) in the text.

markets, Bpis > Boarcm and Ag s < Agapcn- This means that as com-
pared with the GARCH model, the restricted least squares model places
considerably less weight on the most recent observations and more
weight on observations in the more distant past. For instance, in S&P
500 index market, as illustrated in Figure 1, the RLS model weights
observations on days t — 34 through + < GARCH and weighs observa-
tions on day t — 35 and earlier more heavily. Other implied “cross-over”
days are t — 32 in the eurodollar market, day ¢t — 31 in the T-bond mar-
ket, and day t — 16 in dollar/yen market. The implication is that the
GARCH(1,1) procedure yields parameter estimates which overweight
recent observations and underweight older observations. In other words,
in-sample forecast accuracy is increased by reducing the weights
GARCH attaches to the most recent observations and increasing those
attached to older observations.

Our finding that the GARCH model puts too much weight on
recent observations relative to those in the past is consistent with prior
evidence showing that asset market volatility has a long memory, such as
Ding and Granger (1996). Consequently, the question arises whether
the problem is solely with the GARCH(1,1) parameter estimates or with
the exponential model itself. To test the appropriateness of the exponen-
tial model, we estimate a more flexible model which nests exponential
weights as a special case. As compared with switching to a completely
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FIGURE 1

Implied coefficients of lagged squared return deviations for the GARCH,
RLS, and GEN models for S&P 500 index market.

different model, examining a more general model which nests the expo-
nential model, allows us to explore how and how much the weight pattern
that maximizes forecast accuracy differs from the exponentially declining
weights model.

One distributed lag form meeting these requirements is an adaptation
of Schmidt’s (1974) model, which combines the Koyck and Almon lag
forms. Our Schmidt-type model of the variance over a future period s is:

I J
GEN, = a" + > AZ, whereZ, = > Bli'rl; (11)
i=0 i=0

where I = 2. Like the RLS model, this model, which we label GEN due to
its flexible general form, is estimated using nonlinear least squares by

regressing the ex-post variance on Z,s defined for various values of 8. Note
that 7, = E]J-:()Bj 1 so if \; = 0 for i > 0, the GEN model is identical
to the RLS model. Consequently, we can test the appropriateness of the
exponential weights assumption by testing whether \; = 0 for all i > 0.

As reported in Table 111, the null hypothesis that A, = \, = 0 (i.e.,
that the weights decline exponentially) is clearly rejected at the .01 level
in all nine markets. Moreover, the pattern is remarkably consistent
across all nine markets in that \; < 0 and N, > 0 (and in most the \ esti-

mated for the GEN model exceeds the RLS \). The implication is that,
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TABLE Il
Parameter Estimates for the GEN Model

Parameter Estimates

Market B e Ay A, A, F(A, =X,=0) RMSFE
S&P 500 0.980 5.099e-5 0.01259 —0.00028 2.457e-6 38.097 .05919
10-year T-bond 0.985 8.740e-6 0.02723 —0.00077 5.621e-6 656.878 .03859
Eurodollar 0.975 3.771e-5 0.01353 —0.00046 9.206e-6 448.159 .08407
Yen/Dollar 0.950 1.991e-5 0.01755 —0.00073 2.974e-5 108.043 .03620
Boeing 0.985 1.457e-4 0.01528 —0.00025 1.791e-6 52.963 .08617
GM 0.995 7.598e-5 0.01258 —0.00022 1.135e-6 159.026 .07226
Int’'l Paper 0.970 1.317e-4 0.01474 —-0.00032 6.575e-6 79.357 .07766
McDonald’s 0.980 1.077e-4 0.02478 —0.00047 2.827e-6 122.054 .08277
Merck 0.985 8.862e-5 0.02314 —0.00055 3.328e-6 308.976 .06058

Notes. Parameter estimates for the model AV(40), = a + A\oZy; + A Zy; + A2, + &, are reported where Z, = Eﬁfj"rf,j for

j=0,1,..

., 200, r,is the return on day t expressed in deviation (from its mean) form, and AV(40), is the ex post variance

of returns over the period from t + 1 through t + 40. The parameters are estimated using nonlinear least squares over the
entire data period. The F statistic for a test of the null hypothesis that A; = A, = 0 is also reported.

in the regression model, an exponential lag structure (in which the
weights depreciate at the constant rate B), results in weights which are
too low for observations in the recent and distant past and too high in-
between.'! This is illustrated in Figure 1 where the implied coefficients
of r}_; for the GEN model are plotted for j = 0 to 200 along with those
for RLS and GARCH. As also illustrated in Figure 1, the difference in
the coefficient lag structure between the RLS and GEN model estimates
(that is between the more restrictive and flexible regression forms), tends
to be less than that between the GARCH and RLS estimates of the same
model. In all nine markets, the GARCH model’s parameter estimates put
much more weight on the most recent observations than either RLS or
GEN."

In summary, we, like others, find evidence that the GARCH(1,1)
model puts too much weight on the most recent observations and not
enough on observations in the more distant past. However, in contrast to
previous studies which fault the exponential model, we find that much of
the fault lies with the estimation procedure. We find that a regression
estimation of the exponential model results in parameters which put
more weight on the more distant observations.

A similar tendency has been observed within the GARCH type estimators by Baillie, Bollerslev,
and Mikkelsen (1996) and Bollerslev and Mikkelsen (1996). The FIGARCH model developed in
those papers provides a form to correct this tendency.

2In order to show clearly implied coefficient differences at longer lags, the implied GARCH coeffi-
cients at the shortest lags are off the charts in Figure 1.
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OUT-OF-SAMPLE FORECASTING ABILITY

Next, we compare the five models’ out-of-sample forecasting ability."* To
generate out-of-sample forecasts, each model is estimated using 1260
daily return observations—approximately five years of daily data. To limit
the computational burden, the models are re-estimated every 40 days.'*
The resulting root mean squared forecast errors for a 40 day forecasting
horizon are reported in Table IV.

When we compared forecasting ability in-sample in the previous sec-
tion, we observed that GARCH consistently dominated the historical
standard deviation, RLS consistently dominated GARCH, and GEN dom-
inated RLS. As shown in Table 1V, these relationships no longer hold
when out-of-sample forecasts are compared. RLS forecasts best in a
majority of markets but not in all. In the four macro markets, RLS has the
lowest RMSFE in three: T-bonds, eurodollars, and yen, while GARCH’s
RMSFE is lowest in the S&P 500 market. RLS’s RMSFE is significantly
lower than GARCH’s at the .05 level for yen and eurodollars, while
GARCH’s is significantly lower for the S&P 500 index. In the five equity
markets, GARCH and RLS each have the lowest RMSFE in two markets
but only in the case of Boeing (where RLS’s RMSFE is significantly
lower) is the difference significant. The historical standard deviation
based on 120 observations has the lowest RMSFE in one market,
International Paper, but the differences in forecast accuracy among the
three models in that market are not significant. In summary, on an out-of-
sample basis, GARCH and RLS generally forecast better than the STD,
EWMA, and GEN models with RLS forecasting better in most, but not
all, markets.

The GARCH(1,1) model was not always well behaved in our estima-
tions. In seven of our nine markets, 8 = 0 (the lower bound) in some
subsamples. In other words, replacing only 40 out of 1260 observations
would occasionally cause B to suddenly drop from .8 or .9 to zero and
replacing a different 40 observations would cause 3 to return to .8 or .9.
In most markets, this only happened occasionally, e.g., in 9 out of 184

BOf course, the historical standard deviation forecasts, STD(1), and EWMA forecasts reported in
Table 1 are already out-of-sample since the weights are fixed.

“For example, the RLS and GEN models are first estimated using observations 201 (since | = 200
in the RLS model) through 1460. The estimated model and r* observations before 1500 are then
used to forecast volatility over the 40-day period from day 1501 to day 1540. The same parameter
estimates but ? observations up through day 1501 are used to generate the volatility forecasts for
the interval from day 1502 to day 1541 and this procedure is repeated for the next 38 days using
unchanged parameters. To forecast volatility over the interval from day 1541 to 1580, the models
are re-estimated using data from day 241 through day 1500, these new parameter estimates are used
to generate volatility forecasts for the next 40 days and this process is repeated.
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subsamples in the eurodollar market and 6 out of 184 in the yen/dollar
market, but there were 29 such occurrences for McDonalds (out of
199 subsamples). In contrast, the RLS parameter estimates were much
more stable across subsamples. In only one subsample in one market
(eurodollar) was the estimated B at our lower bound of .505.

While the GEN model consistently dominated the others in terms
of in-sample forecast accuracy, this is certainly not the case when out-of-
sample forecasting ability is compared. In all nine markets, both RLS
and GARCH have lower out-of-sample RMSFEs. The inability of the
GEN model to forecast very well out-of-sample illustrates the cost of
added complexity underscoring the argument of Dimson and Marsh
(1990). While the GEN model corrects the RLS model’s tendency to
under-weigh the most recent and oldest observations relative to those
in-between, by adding additional parameters to correct this tendency
more estimation error is introduced leading to a deterioration in out-of-
sample forecasting ability.

In summary, we find that the exponential model using parameters
estimated using either the GARCH or regression procedures (RLS) fore-
casts better than (1) the historical standard deviation, (2) the exponen-
tially weighted moving average model, and (3) a more general model that
nests the exponential model. The RLS procedure forecasts better than
GARCH in most, but not all, markets, and its parameter estimates are
more stable. A more flexible model that nests the exponential model fore-
casts somewhat better than the RLS and GARCH models in-sample indi-
cating the exponential form may not be the most appropriate. However,
since this model involves more parameters, estimation error is increased
and it forecasts consistently worse out-of-sample.

THE IMPACT OF LARGE RETURN
SURPRISES

To this point, all the models that we have considered belong to what we
have termed LSD models, that is, volatility forecasts based on linear
combinations of past squared return deviations. The fact that all are
based on squared return deviations means that their forecasts are quite
sensitive to big outliers. An obvious question, but one that to our knowl-
edge has not been explored heretofore, is whether better forecasts can be
obtained using models that are less sensitive to a single highly volatile
day, such as models based on absolute return deviations.
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A Least Squares Exponential Model Based
on Absolute Return Deviations

To explore whether models based on absolute return observations forecast
better than equivalent forms based on squared return deviations, we first
develop an exponential model similar to that of the RLS and GARCH
models but specified in terms of absolute, rather than squared, past return
observations. Unlike the models based on squared return deviations, those
based on absolute returns require a return distribution assumption. If log
returns R, = In(P/P,_,) are normally distributed with mean wu, then
E(|r)) = oV2/m where r, = R, — u, and E(Vm/2 2?;}\4/].|rt_j|) =0
where X W, = 1. Based on this, we define a regression model with expo-
nentially declining weights analogous to RLS but defined in terms of
absolute, rather that squared, return deviations:

J
AS(s), = a + AW, where W, = V7 /2 2 Bj|rt_j] (12)
i=o

where AS(s), is the realized standard deviation of returns over the s day
period following day t. We refer to this as the absolute restricted least
squares model or A-RLS. Note the similarities and differences between
Equations (12) and (8). In estimating the RLS model of Equation (8), we
regressed the ex post variance on Z/'s defined using squared return inno-
vations. In 12, we regress the ex post standard deviation on W/'s defined
in terms of absolute return innovations. In both, the weights decline
exponentially. Again, we first generate the series W(B), using values of 8
from .500 through 1.000 in increments of .005, then regress AS(s), on
W(B), using OLS, repeat the regression for all values of B8, and choose
the values of B, @, and A for the regression resulting in the lowest resid-
ual sum of squares. Once the parameters are determined, we then
generate the forecasts:

A J A .
A-RLS, = @ + AVw/2 Y, Blr,|| (13)
i=0

where | = 200. Out-of-sample RMSFEs for this forecasting model are
reported in Table V where the RMSFEs for the RLS model are repeated
for comparison. In all nine markets, A-RLS’s RMSFE is lower than that
of the RLS model. As reported in panel B, in six of the nine markets, the
null that RLS and A-RLS vyield equally accurate out-of-sample forecasts
is rejected at the .05 level. A-RLS’s out-of-sample RMSFE averages
about 4.3% below RLS’s across our nine markets.
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AGARCH and EGARCH Models

Next, attention is turned to two models in the GARCH family:
AGARCH, since our analysis to this point indicates that models based on
absolute return deviations out-perform similar models based on squared
return deviations, and EGARCH, which we consider because it is second
to the GARCH(1,1) model in popularity. Analogous to the GARCH(1,1)
model’s assumption in terms of the variance, the AGARCH model
assumes the standard deviation, S, of log-normally distributed returns
evolves following the process:

Syt = ay + a[Var/2]r|] + BS, (14)

Successive backward substitution yields the expression, S, = ay +

a,[V7/2 EJJ-:OBj|rt_j|], while forward substitution vyields, S,,, =
aOEf;g (a, + B) + (a; + B)*'S,.,. The AGARCH forecast of the

standard deviation of returns over the period from ¢ + 1 to ¢ + s is then:

AGARCH, = \/ (1/5) S E(S2) (15)
k=1

If daily returns are independent, the variance of returns over the s day
period is the sum of the variance of returns each day. Hence, while the
GARCH forecast could be expressed as a linear function of past squared
return innovations, the expression for the AGARCH forecast in
Equation (15) cannot be rewritten as a linear function of past absolute
return innovations. This also means that while the RLS and GARCH
forecasts were structurally identical, A-RLS and AGARCH are not.

The final model which we consider is the EGARCH model of
Nelson (1991) which assumes that the variance of the log-return, v,,
follows the process:

‘rt’ 2\ Ty
In(v,,,) = o + BlIn(v,) + 'y[\/; — <7T> } + ye\/; (16)

The most well-known property of the EGARCH model is that (through
the last right-hand side term) it, unlike GARCH, allows equal positive
and negative shocks to have different impacts on the conditional vari-

ance. Equally important for our purposes is the fact that the conditional
variance is modeled in terms of absolute, instead of squared, return
innovations. However, since the left land side variable is the log of the
conditional variance, EGARCH’s properties are quite different from
AGARCH'’s. While extreme observations have less impact on the volatility
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forecast in AGARCH than in GARCH, EGARCH tends to place more
weight on extreme observations.

Note that E,[In(v,,,)] = @ + BE,[In(v,, )] since the step-head values
of both of the last two terms in Equation (16) are zero. So for k > 1,

k_
E,[In(v,,)] = wzz B’ + B*'E,[In(v,, )] (17)
i=0

To estimate volatility over the next s days, we first estimate Equation (16)
using maximum likelihood. Then, we forecast the variance every day from
day t + 1 through day ¢ + s using Equations (16) and (17) and average
the v, s for all s days to obtain the EGARCH forecast. In the S&P 500
and individual equity estimations § < 0, confirming the common finding
that in equity markets negative shocks tend to increase the conditional
variance more than equivalent positive shocks but (while significant) its
explanatory value is low. The estimated theta is also negative in the
Japanese yen market, but positive in the two interest rate markets.

As shown in Table V, where the lowest of the three GARCH model
RMSFE’s is in boldface, in terms of out-of-sample forecasting accuracy,
it is difficult to choose between GARCH and EGARCH but both tend to
dominate AGARCH. EGARCH has the lowest RMSFE in five markets
and GARCH(1,1) in four. None of the differences in forecast accuracy
between GARCH and EGARCH are significant at the .05 level. Pairwise,
GARCH dominates AGARCH in every market except GM and EGARCH
dominates AGARCH in all save International Paper. While we found that
the regression model based on absolute return deviations forecasts better
than equivalent model based on squared deviations, that clearly does not
hold true for GARCH type models.

As with GARCH, the EGARCH and AGARCH estimations were not
always well-behaved in the 1260 observation subsamples. For the
EGARCH model, in eight of the nine markets, 8 < 0 in some subsamples
and, in five markets, 8 > 1 in some subsamples. In a couple of the mar-
kets, there were also instances when y < 0, implying that higher than
normal volatility tends to be followed by lower than normal volatility.
Similar problems were observed with AGARCH.

And the Winner Is. ..

In each column in Table V, we shade the cell with the lowest RMSFE for
that market among the ten forecasting models which we consider. The
results are dramatic and telling. In all nine markets, the out-of-sample
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RMSFE of the A-RLS model is the lowest of the 10 forecasting models.
Besides having lower RMSFE’s than GARCH in every market, in five of
the nine the null that the two models forecasts are equally accurate is
rejected at the .01 level in Diebold-Marino tests. In three of nine mar-
kets, the null that A-RLS and RLS are equally accurate is rejected at the
.01 level and in six of nine at the .05 level. Across the nine markets,
A-RLS’s RMSFE averages 5.6% below GARCH’s, 7.7% below
EGARCH’s, and 4.3% below RLS'’s.

ROBUSTNESS CHECKS

We next explore the robustness of these results. One issue is whether our
results are sensitive to the chosen forecast accuracy measure: the root
mean squared forecast error or RMSFE. Accordingly, in Table VI, we
present results for an alternative measure of forecast accuracy, the mean
absolute forecast error, which places less weight on extreme forecast
errors. As shown there, the results largely mirror those for the RMSFE in
Table V. Importantly, A-RLS out-forecasts all nine other models in all
nine markets by this metric also.

Another issue is whether our results are specific to the forecast hori-
zon of 40 trading days or eight weeks. We repeated all calculations for all
models for forecast horizons of 10, 20, 80, and 120 days as well and pres-
ent the results for 10 and 120 days in Tables VII and VIII, respectively.

TABLE VI
Out-of-Sample Mean Absolute Forecast Errors: All Models

10-year ~ 90-day Yen/ Int'l Me-
S&P 500 T-Bond Eurodollar Dollar Boeing ~ GM  Paper Donald’s Merck

STD(10)  0.04051 0.03876  0.07874  0.03173 0.09654 0.07146 0.07774 0.07519 0.06796
STD(20) 0.03746 0.03482 0.07202 0.02751 0.08206 0.06263 0.06684 0.06444 0.05899
STD(40) 0.03727 0.08292 0.06755 0.02531 0.07319 0.05713 0.05805 0.05945 0.05326
STD(80) 0.03827 0.03340 0.06582  0.02428 0.07228 0.05453 0.05456 0.06009 0.05104
STD(120) 0.03800 0.03384 0.06535 0.02352 0.07232 0.05426 0.05527 0.06151 0.05194
EWMA 0.03581 0.03200 0.06614  0.02507 0.07359 0.05673 0.05883 0.05920 0.05274
GARCH 0.08571 0.03198 0.07163 0.02518 0.07350 0.05227 0.05714 0.05838 0.04827
RLS 0.03845 0.03167 0.06740 0.02435 0.06979 0.05125 0.05710 0.06014 0.04731
A-RLS 0.03296 0.02971 0.06260 0.02318 0.06692 0.04915 0.05090 0.05485 0.04607
AGARCH 0.03471 0.03282 0.07879  0.02633 0.07206 0.05141 0.06089 0.06004 0.04794
EGARCH 0.03790 0.03494 0.08771 0.02783 0.07486 0.05344 0.06152 0.06141 0.04935
OBS 8575 9337 6988 6988 8575 8575 8575 7566 8575

Notes. Mean absolute errors for forecasts of the annualized standard deviation, AS, of daily returns over the next 40 trading
days using the procedures listed in column 1 are reported. In each market, the lowest of the 11 mean absolute errors is
shaded.
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TABLE VIl
Out-of-Sample Root Mean Squared Forecast Errors for a 10-Trading-Day
Forecasting Horizon

10-year ~ 90-day Yen/ Int'l Me-
S&P 500 T-Bond Eurodollar Dollar Boeing ~ GM  Paper Donald’s Merck

STD(10) 0.07426 0.05753 0.12331  0.04884 0.15788 0.11701 0.12592 0.12391 0.10401
STD(20) 0.07186 0.05356 0.11710  0.04412 0.14325 0.11035 0.11871 0.11372 0.09462
STD(40) 0.07064 0.05246 0.11183  0.04301 0.13429 0.10435 0.11314 0.10796 0.08994
STD(80) 0.07175 0.05326 0.11079  0.04232 0.13127 0.10230 0.10996 0.11023 0.08964
STD(120) 0.07219 0.05445 0.11091  0.04218 0.13075 0.10229 0.10980 0.11322 0.09121
EWMA 0.06795 0.05064 0.10919 0.04195 0.13374 0.10275 0.11024 0.10663 0.08879
GARCH 0.06557 0.05067 0.11124  0.04258 0.12864 0.09857 0.10758 0.10472 0.08657
RLS 0.06850 0.05112  0.11009  0.04127 0.12805 0.09791 0.10921 0.10557 0.08644
A-RLS 0.06310 0.04923 0.10470  0.04004 0.12347 0.09701 0.10406 0.10269 0.08488
AGARCH 0.06449 0.05061 0.11197  0.04172 0.12834 0.09807 0.10874 0.10552 0.08655
EGARCH 0.06435 0.05075 0.16312 0.04200 0.12638 0.09814 0.10882 0.10515 0.08653
OBS 8495 9257 6908 6908 8495 8495 8495 7486 8495

Notes. Root mean squared errors for forecasts of the annualized standard deviation, AS, of daily returns over the next 10 trad-
ing days using the procedures listed in column 1 are reported. In each market, the lowest of the 11 RMSFE is shaded.

TABLE Vil
Out-of-Sample Root Mean Squared Forecast Errors for a 120-Trading-Day
Forecasting Horizon

10-year ~ 90-day  Yen/ Int'l Me-
S&P 500 T-Bond Eurodollar Dollar Boeing ~ GM  Paper Donald’s Merck

STD(10) 0.07613 0.05571  0.11402  0.04311 0.13205 0.10780 0.11196 0.11794 0.09262
STD(20) 0.07127 0.04960 0.10055 0.03681 0.11099 0.09526 0.09757 0.10476 0.08005
STD(40) 0.06771 0.04565 0.08870 0.03253 0.09665 0.08551 0.08645 0.09677 0.07231
STD(80) 0.06518 0.04242 0.07973 0.02970 0.08877 0.07847 0.08117 0.09209 0.06796
STD(120) 0.06309 0.04031 0.07584  0.02953 0.08439 0.07408 0.08052 0.08961 0.06605
EWMA 0.06703 0.04504 0.08882 0.03258 0.09768 0.08588 0.08744 0.09654 0.07218
GARCH 0.05983 0.04157 0.08076 0.02800 0.08014 0.07005 0.08421 0.08616 0.05653
RLS 0.05782 0.03703 0.07326 0.02668 0.07160 0.06305 0.08328 0.08416 0.05648
A-RLS 0.05344 0.03653 0.07287 0.02579 0.07143 0.06327 0.07027 0.08127 0.05544
AGARCH 0.06985 0.05296 0.11925  0.03939 0.08948 0.07128 0.12360 0.09698 0.06000
EGARCH 0.05839 0.04417 0.09846 0.03002 0.08196 0.06719 0.12072 0.08760 0.05736
OBS 8495 9257 6908 6908 8495 8495 8495 7486 8495

Notes. Root mean squared errors for forecasts of the annualized standard deviation, AS, of daily returns over the next
120 trading days using the procedures listed in column 1 are reported. In each market, the lowest of the 11 RMSFE is shaded.

As shown there, the A-RLS model generally dominates all other models
at these horizons also—the single exception being forecasts of GM’s
volatility over a 120-day horizon (the 80 day horizon also) where RLS’s
out-of-sample RMSFE is lower. Comparing RLS and GARCH, the for-
mer tends to forecast better than GARCH at the longer horizons, such as
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80 and 120 days, while GARCH performs relatively better at short fore-
cast horizons. Comparing GARCH and EGARCH, GARCH forecasts
somewhat better at the longer horizons and EGARCH at the shorter
horizons.

CONCLUSIONS

We have compared the forecasting ability of several volatility models—
the historical standard deviation, an exponentially weighted moving aver-
age, GARCH(1,1), AGARCH, EGARCH, and two regression models
developed here—focusing on four issues: (1) the proper weighting of
older versus recent observations, (2) the relevance of the parameter esti-
mation procedure, (3) the tradeoff between model flexibility and estima-
tion error, and (4) the proper weighting of large return surprises. As
regards the first issue, our evidence indicates that the GARCH(1,1)
model puts too much weight on the most recent observations and not
enough on older observations. However we find that out-of-sample fore-
cast accuracy is relatively insensitive to this parameter choice. As regards
the second, we find that different parameter estimation procedures
result in quite different parameter estimates for the same model. In par-
ticular, we find that regression estimates of the exponential model differ
substantially and consistently from those estimated using the GARCH
procedure in that the regression parameter estimates put more weight on
older observations. They are also more stable across subsamples. Again
however out-of-sample forecast accuracy appears relatively insensitive to
the parameter choice.

Turning to the third issue, our evidence underscores the cost of
added flexibility in terms of forecast accuracy. While more complex and
flexible models forecast better than simple models on an in-sample basis,
by adding parameters, they increase the scope for estimation error and
forecast consistently worse out-of-sample.

Our strongest results relate to the fourth issue. Apparently because
extreme observations have less impact on the forecasts when absolute
return deviations are used, we find that an exponential model based on
absolute return deviations forecasts considerably better than one based
on squared return deviations. In all nine markets at most horizons, the
forecasting model with the lowest root mean squared forecast error and
mean absolute forecast error among the models we consider is the least
squares regression model developed here (A-RLS) in which the forecast
volatility for the coming period is a weighted average of recent absolute
return deviations with exponentially declining weights. In terms of
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forecast accuracy, it clearly dominates the widely accepted GARCH and
EGARCH models.
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